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AN INTERIOR PENALTY METHOD WITH C° FINITE ELEMENTS FOR THE
APPROXIMATION OF THE MAXWELL EQUATIONS IN HETEROGENEOUS
MEDIA: CONVERGENCE ANALYSIS WITH MINIMAL REGULARITY * ** ***
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Abstract. The present paper proposes and analyzes an interior penalty technique using C°-finite
elements to solve the Maxwell equations in domains with heterogeneous properties. The convergence
analysis for the boundary value problem and the eigenvalue problem is done assuming only minimal
regularity in Lipschitz domains. The method is shown to converge for any polynomial degrees and to
be spectrally correct.
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1. INTRODUCTION

The objectives of the present paper is to propose and analyze a nodal C°-finite element technique to solve
the Maxwell equations in domains with heterogeneous properties. More precisely, given a three-dimensional
domain §2 with boundary I', we want to construct an approximation of the following problem using an interior
penalty technique and C°-Lagrange finite elements:

Vx(kVXE) =cg, V(eE)=0, Exnjpq =0, (1.1)

where the fields k and € are only piecewise smooth. This task is non-trivial on two counts: first, the solution of
(1.1) is singular in general, see e.g. Bonito et al. [6]; second, it is known since the pioneering work of Costabel
[15] that H!-conforming approximation techniques that rely on uniform L2-stability estimates both on the
curl and the divergence of the approximate field do not converge properly if {2 is non-smooth and non-convex.
This defect is a consequence of H*(Q) N Hy cu1(£2) being a closed proper subspace of Haiy(€22) N Ho curt ().
This is probably one reason why edge elements have been favored over C°-Lagrange finite elements over the
years. It is only recently, say since the ground-breaking “rehabilitation” work of Costabel and Dauge [16],
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Bramble and Pasciak [7] and Bramble et al. [8] that C°-Lagrange finite elements have regained their status
as credible approximation tools for the Maxwell equations and more generally for div-curl problems. The key
idea developed in the above references is that the divergence of the discrete field approximating eE must be
controlled in a space that is intermediate between L?(Q) and H~1(Q2). This program is carried out in Costabel
and Dauge [16] by controlling the divergence of ¢E in a weighted L2-space where the weight is a distance to the
re-entrant corners of the domain to some appropriate power depending on the strength of the singularity. The
analysis of the method by Costabel and Dauge [16] requires the approximation space to contain the gradient
of C! scalar-valued functions, which excludes low-order finite-elements spaces. This restriction on low-order
elements is removed in Buffa et al. [12] by considering a mixed form of the weighted L?-stabilization technique
on special meshes. The method developed by Bramble and Pasciak [7] and Bramble et al. [8] involves a least-
square approximation of a discrete problem with different test and trial spaces. The trial space is L?(€2) and the
components of the test space are subspaces of H!(Q). The numerical method uses piecewise constant functions
for the trial space and piecewise linear functions enriched with face bubbles for the test space. A technique
based on a local L2-stabilization of the divergence of ¢E and using finite elements of order high enough so as
to contain the gradient of Argyris or Hsieh-Clough-Tocher C!-finite elements is introduced in Duan et al. [19].
The convergence analysis of the method requires the source term to be smooth enough so that VxE € H"(Q)
with r > % This method is further revisited in two space dimensions in Duan et al. [18] to allow for low-order
finite elements and to remove the smoothness assumption on VxE.

The present paper is the second part of a research program started in Bonito and Guermond [5] and is part
of the PhD thesis of Luddens [28]. The technique adopted in [5] consists of stabilizing the divergence of the field
¢E in a negative Sobolev norm through a mixed formulation. It is shown in [5] that stabilizing the divergence in
H~1(Q) is sufficient to solve the boundary value problem (1.1), but it may not be sufficient in general to solve the
associated eigenvalue problem if only Lipschitz regularity of the domain is assumed. In this case the divergence
must be stabilized in H=%(Q) with « € (ﬁ, 1] where ¢ — 1 is the polynomial degree of the approximation of
E, ¢ > 1. Note in passing that the method introduced in [5] with the particular choice & = 1 has also been
proposed in Badia and Codina [4]. The convergence analysis of the boundary value problem in [4] assumes that
the right-hand side is divergence free and either the solution to (1.1) is smooth or the degree of the finite element
space is large enough or the mesh is specifically constructed so as to contain the gradient of C! scalar-valued
functions. The method proposed in Bonito and Guermond [5] converges for all o € (5/57,1] as stated in [5,
Lemma 5.4], and the convergence rate is even maximal when o = 1 without the extra assumptions used in
[4], provided the right-hand of the boundary value problem is solenoidal (which is usually the case). Yet, the
possibility of choosing o < 1 has been introduced in [5] to ensure the spectral correctness of the approximation
for eigenvalue problems.

The objective of the present paper is to generalize the analysis of Bonito and Guermond [5] to boundary and
eigenvalue problems with coefficients x and € in (1.1) that are only piecewise smooth. Our analysis assumes
only the natural regularity of the solution; in particular the a priori regularity of E may be lower than that of
H: (Q), see Theorem 2.1. We focus mainly our attention on the convergence analysis in the very low regularity
range, E € H*(Q), 0 < s < % This range is rarely investigated in the literature since it entails many technical
difficulties. One purpose of the present paper is to show that these difficulties can be handled properly when
using continuous finite elements; the analysis with discontinuous elements has already been done, see e.g. Buffa
and Perugia [10], Buffa et al. [11].

The approximation that we propose consists of using a mixed formulation with nodal finite elements and an
interior penalty method to account for the jumps in the coefficients x and €. The convergence analysis presented
holds for any polynomial degree (greater than one). One essential argument of this paper is the construction of a
smoothing operator in Hy cu,1(€2) that commutes (almost) with the curl operator, see Lemma 3.6. In passing we
correct a mistake from [5] where the smoothing operator was not constructed properly. The second important
argument is Lemma A.3 in the Appendix. This is a variant of Lemma 8.2 in Buffa and Perugia [10]; however,
our proof slightly differs from that in Buffa and Perugia [10] since the estimates therein do not seem to be
uniform in the meshsize.
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The method presented in this paper has been implemented in a three-dimensional parallel MHD code, SFE-
MaNS, see e.g. Guermond et al. [24]. The code is distributed and used by astrophysicists colleagues to test
various dynamo scenarios, e.g. Giesecke et al. [21, 22], Hollerbach et al. [25]. Tt is currently used to investigate
the MHD stability of liquid metal batteries.

The paper is organized as follows. We introduce notation and recall a priori regularity results in §2. The
smoothing operator in Hg ¢yy1(€2) is introduced in §3. The key properties of this operator are stated in The-
orem 3.1 and Lemma 3.6 (the estimate (3.17) is particularly important). The finite element framework and
the interior penalty technique are presented in §4. This section also contains stability estimates for the weak
formulation of the boundary value problem. The convergence analysis for the boundary value problem is done
in §5. The two important results from this section are Theorem 5.1 and Theorem 5.3. Theorem 5.1 establishes
convergence in a discrete norm and Theorem 5.3 establishes convergence in L2(f2) using a duality argument.
Additional convergence estimates assuming full regularity are given in Theorem 5.2 for completeness. The spec-
tral correctness of the approximation of the eigenvalue problem is analyzed in §6. The paper is complemented
with an appendix containing technical details. Lemma A.3 is one of the key results from the Appendix.

2. PRELIMINARIES

2.1. Spaces

Let D be an open connected Lipschitz domain in R3. (In the rest of the paper D denotes a generic open
Lipschitz domain that may differ from €2.) The space of smooth functions with compact support in D is denoted
D(D). The norm in H!(D) is defined as follows:

||UHI2—11(D) = ”U”iQ(D) + HVUH%Q(D)' (2.1)

The space H*(D) for s € (0,1) is defined by the method of real interpolation between H'(D) and L?(D) (see
e.g. Tartar [33]), i.e.,

H*(D) = [L*(D),H"(D)]; 2. (2.2)

We also define the space H{(D) to be the completion of D(D) with respect to the following norm:
[vllazpy = VvllLz(p)- (2.3)

This allows us again to define the space H5(D) for s € (0,1) by the method of real interpolation between H}(D)
and L2(D) as follows:

H3(D) = [L*(D), Hy(D)]s - (2.4)

This definition is slightly different from what is usually done; the only differences occurs at s = % What we

hereafter denote by HO% (D) is usually denoted by HéO(D) elsewhere. Owing to these definitions, the spaces
H(D) and H*(D) coincide for s € [0, 1) and their norms are equivalent, (see e.g. Lions and Magenes [27, Thm
11.1] or Tartar [33, Chap. 33]). The space H=*(D) is defined by duality with H§(D) for 0 < s < 1, i.e., with a
slight abuse of notation we define

[vlln-spy =  sup =—r0.
ozwens(D) lwllag(p)

It is a standard result that H=%(D) = [L?(D),H"(D)]; 2.

)



4 TITLE WILL BE SET BY THE PUBLISHER

The above definitions are naturally extended to the vector-valued Sobolev spaces H*(D) and H§(D). We
additionally introduce the following spaces of vector-valued functions:

Heun(D) = {v e L*(D) | Vxv € L*(D)}, (2.5)
Ho (D) = {v € L*(D) | Vxv € L*(D), vxnl|sp = 0}, (2.6)
H, (D) = {v e L*(D) | Vxv e H'(D)}, (2.7)
0.curt (D) ={v € L*(D) | Vxv € H'(D), vxnl|sp = 0}, (2.8)
all equipped with their natural norm; for instance, [|v|[g_ | py = [IVI[fz(py + [VXV]Fz2(py-

2.2. The domain

The domain € is a bounded open set in R3. The boundary of €, say I, is assumed to have the Lipschitz
regularity and to be connected. To simplify the presentation we also assume that 0 € 2 and Q is star-shaped
with respect to an open neighborhood of 0. More precisely, there is an open neighborhood of the origin, say V,
such that  is star-shaped with respect to all the points on V. This assumption is equivalent to assuming that
Q is a star-shaped domain with respect to the origin and there exists a real number x € (0,1) such that the
following holds for any 6 € (0,1):

(1 -0+ B(0,6x) CC Q, (2.9)
where B(0,r) is the ball centered at 0 of radius r and CC denotes compact embedding.

A key piece of the convergence analysis of the method that we propose in this paper is based on the existence of
a family of smoothing operators in H c,,,1(€2). This construction is discussed in detail in §3. The main challenge
one encounters when constructing this family of operators is to make it compatible with the boundary condition
and to commutes with the curl operator. The purpose of the hypothesis (2.9) is to make this construction
possible. The hypothesis (2.9) may seem restrictive, but, using a partition of unity technique, we expect the
results presented in this paper to remain valid for any domain that can be divided into finitely many domains
that are star-shaped with respect to a open neighborhood.

2.3. Mixed formulation of the problem

It will prove convenient to reformulate the original problem (1.1) in mixed form to have a better control on
the divergence of the field eE. More precisely, from now on we consider the following problem: Given a vector
field g, find E and p such that

Vx(kVXE) +eVp =eg; V(eE)=0, Exnp=0, pr=0. (2.10)

The two problems (2.10) and (1.1) are equivalent if V-(eg) = 0, since in this case p = 0 in (2.10) (apply the
divergence operator to the first equation).

The scalar fields k and € are assumed to be piecewise smooth. More precisely we assume that € is partitioned
into N Lipschitz subdomains €24, - - - , Q2 such that the restrictions of k¥ and ¢ to these subdomains are smooth.
To better formalize this assumption we define

Y= UaQi N agY;, (2.11)
i#£j
We™(Q) = {r e L®(Q) | V(yq,) € L®(), i=1,--- ,N}. (2.12)

We refer to X as the interface between the subdomains €2;. In the rest of the paper we assume that the fields ¢
and « satisfy the following properties: There exist €min, Kmin > 0 such that

£,k € Wg™ (), and £ eminy, K> Kmin  a.e. in Q. (2.13)
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The following stability results proved in Bonito et al. [6] play important roles in the stability of the finite element
method developed in this paper:

Theorem 2.1. Assuming that eg € L*(Q) and (2.13), Problem (2.10) has a unique solution in Ho ey (2) x HH ().
Moreover, there exist ¢, T. and 7., depending on € and the fields € and k, so that

[Ellas @) < cllegllz @), Vs €[0,72), (2.14)
|VXE|m: (o) < cllegllL2), Vs € [0, 7). (2.15)
9% (59 xB)llza(oy + IVplzco < clleglluao, (2.16)

Remark 2.1. In general the regularity indices 7. and T, are smaller than % when the domain Q) is not convex
and the scalar field € and k are discontinuous across 3.

3. SMOOTH APPROXIMATION IN Hj ,1(€2)

We introduce in this section a smoothing operator in Hg ¢,,;1(€2) that will be used to prove the convergence
of the finite element approximation. The key difficulty that we are facing is to find an approximation that is
compatible with the boundary condition in Hg cu1(€2) and commutes with the curl operator. We essentially
proceed as in Bonito and Guermond [5] but modify the argument to correct an incorrect statement made therein.
When invoking C, (AE). in the proof of Lemma 3.3 in Bonito and Guermond [5] it was incorrectly assumed that
(AE), is in Hg ¢u1(€2), which is not the case. We resolve this issue in the present construction by introducing
an additional scaling operator, S%. Some of the tools introduced in this section are similar in spirit to those
developed in Arnold et al. [2], Christiansen and Winther [13], Schéberl [32]

3.1. Extension operator

Let D be an open Lipschitz domain in R3. For any F € L(D), we denote EpF the extension of F by 0, i.e.,

| F(x) ifxeD,
EpF(x) = { 0 elsewhere. (3.1)
Let 6 € [0, 1], define § := 1 — § and set Ds := §D. We define the scaling operator 5%, : L' (D) — L!(Djs) by
VF € LY(D), Vx € D5, (SHF)(x):=F (x0'). (3.2)

Lemma 3.1. The following commuting properties hold:

S8:Ep = Ep,S% (3.3)
0, (SSF) = 6715%,(0,, F), VF € LY(D), Vi=1,...,d, (3.4)
Vx(EpF) = Ep(VxF), VF € Hy cun(D), (3.5)
V(EpF) = Ep(VF), VF € H}(D). (3.6)

Proof. (3.3) is evident and (3.4) is just the chain rule. We only prove (3.5) since the proof of the (3.6) is similar.
Let F be a member of Hg cuy1(D), then the following holds:

(Vx(EpF), ) = /

(EDF)-VX¢:/ F-Vx¢=/ VxF-¢, V€ D(R?),
R3 D D

where the last equality holds owing to F being in Hg ¢y (D). Then

<VX(EDF)7 ¢> = ED(VXF)d)v V(ﬁ € D(R3)7
RS



6 TITLE WILL BE SET BY THE PUBLISHER

which proves the statement. O

Lemma 3.2. The following holds for all r € [0,1]: (i) the linear operator Ep : Hy(D) — HE(R?) is bounded;
(ii) the family of operators {S%} : H"(D) — H"(Dj) is uniformly bounded with respect to § € [0, 1].

Proof. Tt is a standard result that Ep is a continuous operator from L2 (D) to L?(R?) and from H} (D) to H} (R3),
Adams and Fournier [1]. Then the first assertion follows directly from the interpolation theory. For the second
part, a scaling argument ensures that S9, is a continuous operator from L?(D) to L?(D;s). Using (3.4), we infer
that it is also a continuous operator from H!(D) to H'(Ds). The conclusion follows from the interpolation
theory. O

Taking 7 € [0, 1) and using the fact that the spaces Hjj(2) and H" () coincide (with equivalent norms), we

infer that there exists ¢ such that,
VF € HT(Q), HEQFIlHr(Rs) <c ||FHHT(Q) (37)

Moreover, using this inequality and the second part of Lemma 3.2 with D = R3, we infer that Sﬂ‘ig Eo:H"(Q) —
H"(R3) is a linear continuous operator, and there exists ¢, uniform in §, such that

VFeH'(Q),  ||S%EoF|lmr@s) < cl|Flluro)- (3.8)
Lemma 3.3. The following holds:
VF € Hp cun(Q), Vx(S3s EqF) = 6185 Eq(VXF). (3.9)
Proof. Let F € Hy cu1(©2). By (3.4) we infer that
Vx(S8s EqF) = 07183, Vx (EqF).
Then (3.5) from Lemma 3.1 implies
Vx (S8 EqF) = 67183 Eq(VXF),

since F € Hg cun1(£2). This concludes the proof. O
Lemma 3.4. The linear operator S3.Eq : HY ., () — HY ) (R3) is bounded for all r € [0,%). More

0,curl 0,curl 2
precisely there is ¢, uniform with respect to §, so that the following holds:

VX (S%: EaF) s msy < cl| VXF|gr (- (3.10)

Proof. The identity (3.9) implies that Sﬁ;s Eq is a continuous map from Ho cur1(€2) to Ho curl (R3). Let re [0, %)
and let F be a member of Hj; . (Q). A simple scaling argument implies that S3F is a member of Hj ., (Qs).

0,curl 0,curl

Since VxSIF is in H"(Q2) and r € [0,3), the extension by zero is stable in H"(R?), i.e., Eq,VxSJF is a
member of H"(R?) and there is a constant ¢, uniform with respect to F and §, so that
| Eq, VX SOF sy < ¢ | VX SEF |1r(as) = /6 |SEV XF - ()

< C||VXF||HT'(Q).
Note that c is uniform with respect to & since § € [3,1]. Then, applying (3.3) and (3.5) to the above inequality
gives

IV % (Sgs BaF)|lur sy = IV % (B, SOF) - 2s) = || B, VX SoF |- (o)
< ¢ VxF[lar @)
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which concludes the proof. O

We now state a lemma that gives some important approximation properties of the operator F — Sﬁég, EqF.

Lemma 3.5. There exists K for all v € [0,1] such that the following holds for every F € H{j(2):
||F - SD%;;EQFHHB(Q) S KléT_SHFHHB‘(Q) 0 S S S r S 1, (3.11)

and for all v € [0, %) there exists K, such that the following holds every F € Hp on (22)
1
HVX(F — SH%gEQF)HHe(Q) < K26T75||VXF||HT(Q) 0 <s<r< 5 (312)

Proof. We prove the first inequality (3.11) by means of an interpolation technique. Using Lemma 3.1 together
with d > 2, we have

IF — Sgs EoF||r2() < [FllL2(o) + [158s EaF |lL2 () < (1 + 5%> 1F[lL2(0) < 2[|F[|L2@)-

IF — Sgs EaF[|my () = IV(F — Sgs EaF)||L2() < [VF(L2 (@) + |V Sk EoF |12 ()
= [IVFl2(e) + 01158 V(EaF)||L2 () = [VF L2y + 6% [ EaVF|L2(q)
= (14+8471) IVF e < 2/Fllaryco-

We now derive an estimate for the mapping Hy(Q) > F — F — SD%:;EQF € L%(Q). The definition of S]gg EqF
implies that

= 2
IP = S5 EaF o) = [ [(BaF)(x) = (BaF) (x5 )| dx

),

2 1
g/ %|x|2/ |V(EqF) ((1—t)x+tx5_1)’2 dt dx.
Q 0

1 2
/ V(EQF) (1 —t)x +tx6 ") %x dt| dx
0

Then, we introduce M := maxxcq |x|, and we apply Fubini’s lemma:
52 [t 12
IF — Sgs EaF 120 < M2§/ / |V(EQF) (1 —t)x+tx6")|" dxdt
0 Ja

Using a change of variable in the inner integral, we finally obtain

5 VAR
5 2 2 2
I = S5 ol < M5 IVEFIay [ (55) o
< M?6%672||V(EQF) |72 (gs)-
Since F € H{(Q2), we have |[VEQF ||l 2rs) = |EqQVF|L2rs) = [[VF||L2(). Using now the assumption § < 3,
ie., 071 <2, we finally deduce that

IF — Sps EoF||r2() < 2M6[|VF|[L2 () = 2M||F g3 (0)- (3.13)
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We now set K; := max(2,2M) and we have proven that

IF — Sps EoF L2y < Ki1l[FlLz2().
IF — Sps EaF||L2) < K10l|F |l o),
IF — Ss EaF llm3 (o) < K1l Fllm)-

We conclude that (3.11) holds by using the Lions-Peetre Reiteration Theorem.
We now turn our attention to (3.12). Let r € [0, 3) and consider s € [0,7]. Let F be a member of Hy ..., ().

We observe first that S3; EqF is also in Hf, . () owing to Lemma 3.4. Using (3.9) gives

0,curl

IV % (F — Sgs EoF)|l1s0) = [|[VXF — 6 'S5 EoVxF |30
< |VXF = 6 'VxF |l (o) + 0 ' [VXF — S35 Eo(VXF)||1:0)
< 6571”VXF”H8(Q) + K15715T75||VXFHH6(Q).

1

Using § < 1, i.e., 67 < 2, we have

|V (F — S8 BaF) uyq) < 201 + 67 )5 | VxF ey .

Remembering that H*(Q) and H(Q) coincide for 0 < s <r < 1 and that their norm are equivalent, the above
inequality yields (3.12) with K =2(K; + 1) since 1l —=r+s>1—r >0and § < 1. O

3.2. Smooth approximation

We now use the above extension operator SH%P, Eq together with a mollification to construct a smooth approx-
imation operator. For § € (0, %), we set

1 i
ps(x) == 6"%p(x/5), where p(x) := nexp( 1*‘X|2) » i <1 (3.14)
0, if |x| > 1,

where 7 is chosen so that fRd p = 1. We define a family of approximation operators {K;s}s~o in the following
way:

KCsF = psy x (S3: EqF),  VF € LY(9) (3.15)
where x is the constant introduced in (2.9).

Theorem 3.1. KsF|q is in C(Q) for all F € LY(Q). There exists a constant K such that the following
estimates hold for any 0 < § < %

IF — KsFllmy0) < K6 °||F|lay o) 0<s<r<i1 (3.16)
[VXF — VxKsF|m: () < K6 |V xF|lar (o) 0<s<r<i (3.17)
I1KCsF | ) < Kx*7 70" "||F||gs () 0<s<r s<i (3.18)

and all F € H{(Q), all F € H] .., (), and all F € H"(QY), respectively.

0,curl

Proof. Owing to the properties of the mollification operator, we have KsF|o € C*°(£2). We now prove that the
support of KsF is compact in . The definition of the convolution operation implies that the following holds
for all x € R%:

KsF(x) = Ad(sﬁaEnF)(y)pax(x —y)dy = /59 F(y/0)psx(x —y) dy.
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If x ¢ 6Q + B(0,0), then for all y € 6Q, we have psy(x —y) = 0 and then KsF(x) = 0. As a result,
KCsF is supported in 69 + B(0, §) which is compactly embedded in 2 owing to the assumption (2.9). Hence,
KsF € C3°(Q); in particular, we have KsF € Hy cu1(£2). We now prove the estimates (3.16) to (3.18). Let us
first consider F € H{(€2). Using standard approximation properties of the mollification operator (see e.g. Evans
[20, Appendix C]), we deduce that there exists a uniform constant K3 > 0 so that

||SD%3EQF — IC(SF”HS(Q) S Kg(éx)r_s||S]%3EQF||HS(R3), 0 S S S r S 1.
Using the triangle inequality and Lemma 3.5 we have
IF — KCsF |13 (0) < |IF — Sps EoF [|mg () + 158 EoF — KsF|lm ()

< K16" | F ||y o) + Ksx' 6" °||Sps EaF ||ey re)
< (K1 + 2K3x" %) *||F ||z (q)-

This proves (3.16) with K = K; + 2K3 since x <1 and s <r. Let us now consider F € Hy _, (©2). Using that
VxICsF = psy * Vx (53 EqF), we infer that

||VX(SH%3EQF — IC§F)||HS(Q) < K3(5X)T78||V><(SﬂigEQF)HHr(Rs) 0 <s<r
Using the triangle inequality together with (3.10), Lemma 3.5, and assuming that r < 3 we have

[VX(F — KsF) |t () < VX (F = S EoF) |- () + |V % (S EqF — KsF) |1 (0
< K" *||VXF |l (o) + K3(0x)"°(|V % (s EaF) |l ()
<Ko + KX )V XF |l )

which proves (3.17) with K = Ky + K3 since x < 1 and s < r. Let us finally assume that F € H"(Q2). Using
again the properties of the mollification operator, we infer that

1K F [l (o) < 1CsF [ (es) < K3(6x)°"|1Sgs EaF [[me r) 0<s<r

Applying (3.8), we obtain (3.18). Note that the assumption s < % is required in order to ensure that S&B EqF €
H*(R3). O

Remark 3.1. In the rest of the paper we will use (3.18) without mentioning the coefficient x*~" in the right
hand sides. Indeed, we will use the inequality with » bounded from above by the polynomial degree of the
approximation; as a result, x*~" is uniformly bounded.

We end this section by mentioning a key commuting property on Cs.

Lemma 3.6. The following holds for any F € Hy cu1(€):
SVXKsF = Ks(VxF). (3.19)
Proof. Owing to the properties of the convolution, the following holds for any F € Hg ¢y (€):
VxKsF = psy * (Vx (Sgs EF)) .
Applying (3.9), we infer that

VxKsF = psy * (6183 Eq(V xF))
= g_lpgx * (S%3EQ(VXF)) = 5_1IC5(V><F).
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\A

S

FiGURE 1. Example of an admissible mesh. The interface X is materialized by the thick line.

This completes the proof. O

4. FINITE ELEMENT APPROXIMATION OF THE BOUNDARY VALUE PROBLEM

We introduce and study the stability properties of a Lagrange finite element technique for solving the bound-
ary value problem (2.10).

4.1. Finite Element Spaces

Let {75 }r>0 be a shape regular family of conforming affine meshes with typical mesh size h. We assume that
the sub-domains ;, i = 1,..., N are polyhedra and the interface ¥ is captured by the meshes in {7, }r>0, i.€.,
> is partitioned by a set of mesh interfaces. We introduce the following discrete space:

N
X), = {F e [[C ), | VK € Th, Fii € ]Pé—l} (4.1)
=1

where P,_1 denotes the vector space of vector-valued polynomial of total degree at most £ — 1, ¢ > 2. Note
that the approximation space is non-conforming, i.e., X ¢ Hg cyu1(2) and X, ¢ Hy,, (Q,¢). We assume that

the mesh family is such that there exists a family of local approximation operators C, : Hfil HY(Q;) — X,
satisfying the following properties: there exists ¢ uniform in h such that

ICLF [ler ) < € lIFlar 0y, 0<r<3,
ICLF — Fllae o, < ch" | Fllar @), 0<t<r<tt<?3, (4.3)

for every F € vazl H’(;). We furthermore assume that the non-conformity across the interface X is not too
severe in the sense that there exists a family of discrete subspaces Y, C X;, N H{(Q) and a family of global
approximation operators Cj : C3°(Q) — Y, so that

ICIF — Fllae o) < ch|F |-, 0<t<r<i t<3i, (4.4)

for every F € C5°(92). An example of triangulation satisfying the above geometric assumption is shown in
Figure 1. Note that it is possible to prove the existence of Cj satisfying (4.4) even in the presence of hanging
nodes provided the maximum number of those hanging nodes on each interface is uniformly bounded over the
mesh family {75 }r~0. We additionally introduce the scalar-valued discrete space

My, = {q € 00(0)7 ‘ VK € 7717 qc ]P)Efla qr = 0} c Hé(Q> (45)
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Again, the approximation theory of finite elements ensures that there exists an approximation operator Cj :
H(Q) — M, satisfying the scalar counterparts of (4.2) and (4.3) for all ¢ € H}(2) N H!(2).

IN
IN

l

IChallm ) < cllglln o) 0
0<t

IC2q — qllue (o) < ch'"lqlle(q)

[SI[98)

—~
ol
-3

3
2
1</l t<

IN
IN

Note that the possibility of constructing M}, and C} is compatible with the existence of Yp.

We denote fﬁ the set of the mesh interfaces: F' is an interface if there are two elements in 7y, say K,, and
K, so that FF = K,, N K,, and F is a d — 1 manifold. We denote .7-';? the set of the boundary faces: F' is a
boundary face if there is an element in T, say K; so that F' = K, NI" and F is a d — 1 manifold. To simplify
the notation we also introduce F, := F}. UJ-",?. For any mesh interface F' € F}, F = K,, N K,,, and any function
v whose restrictions over K, and K, are continuous, we define the tangent and normal jump of v across F' by

[v x n](x) := (V‘Km X1y, )(x) + (V|K” xny,)(x), Vx € F, (4.8)
[v-n](x) := (V‘Kmnm)(x) + (V‘Kn'nn)(x), Vx € F, (4.9)

where n; is the unit outer normal to K;. The average of v across across F' is defined by

v} (x) === (vig,,(x) + VK, (X)) , Vx € F. (4.10)

N =

Whenever F is a boundary face we set [vxn](x) := v|g,, X0, (%), [vn](x) := v|g, D, (x) and {v} (x) :=
VK, (x).

Remark 4.1. Note that for any F € C3°(2), C/F € H{(); in particular, we have [C/Fxn] = 0 across all the
interfaces in Fj .

4.2. Discrete formulation

It will be useful to work with broken norms; for instance, we introduce the following notation:

N N

1ol2en =3 Mol (0w)ay = / vw, (4.11)
=1 =1 @

lolZasory = 012 + lolZaqy, (0 w)sor == / v+ / vw. (4.12)

We construct a discrete formulation of (2.10) by proceeding as in Bonito and Guermond [5]. Let o € [0, 1]
be a parameter yet to be chosen. We define the following bilinear form a;, : X;, xM; — R,
an((En,pn), (Fryqn)) == (kVXEp, VXFp)q_ + ({&VXEL}, [Frxn]) g p
+0 ({sVxFn} [Baxn])gop +vh~" ({6} [Brxn], [Frxn])g
+ (eVpn, Frn)g — (€En, Van)g + ca (hza (V-(eEp), V-(eFn))q,. (4.13)

20 (U, Van)g + hC ([eByen], [Fym])y, )

where v, ¢, > 0, and 0 € {-1,0,+1} are user-defined parameters. We say that the formulation is anti-
symmetric, incomplete, or symmetric depending whether 6 is equal to —1, 0, or 1, respectively. The choice
0 = 1 ensures the adjoint consistency of the method. The term proportional to v enforces the weak continuity
of the tangent component of E. The purpose of the term proportional to ¢, is to penalize V-(cEp) in H™%(Q).
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The exponent « is somewhat similar to the exponent that is used in Costabel and Dauge [16] to define the
L2-weighted space that controls V-(¢Ey,).

The discrete formulation considered in the rest of the paper consists of looking for (Ey, p) € XXM, such
that the following holds for all (Fp,qr) € X, xMy,:

ap ((Ehaph)a (Fha Qh)) = (€g7 Fh)Q + CahQ(lia) (€g, th)Q ) (414)

where (-,-)p henceforth denotes the scalar product in L2(D).
To perform the consistency analysis of the method we are led to introduce

Z5(Q) = {F € Hj .1 (Q); Vx(kVxF) € L}(Q), V-(¢F) € L*(Q)}. (4.15)

0,curl

Owing to Theorem 2.1, it is a priori known that there exists s > 0 such that the solution to the boundary
value problem (2.10) is in Z*(Q)NH?*(Q2). We shall use the notation Z*® instead of Z*(2) when the context is
unambiguous.

Proposition 4.1. Assuming (2.13), it is possible to extend the bilinear form an(.,.) to [(ZS + X;JxHé(Q)}2
for all s > 0.

Proof. Note first that M;, C H}(2) and the extension of the bilinear form to scalar fields in H}(£2) does not
pose any difficulty. We decompose ay, into three pieces:

aon((En,pn), (Fayqn)) := ({kVXEp}, [Frxn]) g p + 0 ({£VxFy}, [Enxn]) s o
a1n((Bn,pn), (Fn, ) = (KVXEp, VXFy)q +vh ™! ({£} [Enxn], [Fnxn])g p

ash ((Bn,pn), (Fr,qn)) == ca (hm (V-(eEp), V-(eFn))q,, + R21=%) (eVpp, Van) g

+ 82D ([eBpen], [Fpen])y, ) + (€9, Fa)g — (B, Van)g -

The bilinear form ayj, can clearly be extended to [(Z* + Xp,)xH§ ((2)]27 since every function E in Z* is such
that [Exn]sur is zero. Hence, if either (E,F) € Z°x(Z* + X},) or (E,F) € (Z* + X)xZ*, we set

alh((Evp)’ (F7 Q)) = (K‘VXE7 VXF)QE s

for all (p,q) € H§(€2). The bilinear form az, can also be extended to [(Z* + X;)xH§(2)] ?_since every function
E in Z* is such that [¢E-n]y is zero. Hence, if either (E,F) € Z°%x(Z® +X}) or (E,F) € (Z° +X},)xXZ*, we set

azn((E.p), (F.q)) = ca (12 (V-E), VF))g,, +h20 =) (eVp, Vo), )
+ (EVPv F)Q - (EEv Vq)Q :

for all (p,q) € H{(Q).

The question of the extension of agj is more subtle, and we must now distinguish the trial and test spaces.
We are going to use Lemma A.3 that shows that the bilinear form (H*(Q) N Hewn (Q))xXy 2 (¢, Fp) —
fF ¢ (Frxn) € R is well defined for all F' € Fj. Let E be a member of Z*®, then VXE € H*(Q2), s > 0 and
in particular, VxE € H?(Q) for some o € (0,3). Owing to (2.13), k € W5™(Q) so that kKVXE € H?(Q),
see e.g. Bonito et al. [6]. Note in addition that E being a member of Z* implies that Vx(kVxE) € L?(Q),
which in turn also implies that {{HVXE}‘Z = KVXE|s. Hence, Lemma A.3 is used to justify the expression
fF KVXE:(Fpxn) for all F € F, and for all (E,F}) € Z°xX},. The extension of agp, for (Ex, F) € X, XZ* is
justified similarly. The extension of ag for (E,F) € Z®xZ? is trivial since the tangent jumps of E and F across
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F are zero. Summing up, ag can be extended to [(ZS + X») XH(I)(Q)]2 by setting

aon((E + Ep, p), (F +Fp,q)) := (kVXE, [Fpxn])g p + ({VXEr}, [Frxn])g p
+ 0 (kVXF, [Epxn])g p + 0 ({cVxFr}, [Enxn])g p

for all (E,Ej) € Z*xXp, all (F,Fj) € Z°xX, and all (p,q) € H§(Q). This ends the proof. O

Remark 4.1. One could avoid invoking Lemma A.3 in the above proof by using instead a result from Buffa and
Ciarlet [9] where it is shown that the bilinear form Heu () xHew1(Q) 3 (¢, F) — [ ¢-(Fxn) € R is well
defined and continuous for all F' € Fy,

Remark 4.2 (Continuous Approximation of p). Observe that the approximation of the Lagrange multiplier p is
globally continuous. This is critical to derive a global control of V-(¢E) in H~*(2) (encoded in the bilinear form

agp, in the above proof) instead of vazl H“(Q;). We refer to Bonito and Guermond [5] for more precisions.
Lemma 4.1. Assume (2.13) and let (E,p) be the solution of (2.10). Let s > 0 be such that E € Z°. The
following holds for any (F + Fy,, q) € (Z° + X;)xH§(Q):

an ((E,p), (F +Fp,q)) = (eg, F + Fu)q + cah®17%) (eg, V), -

Proof. Let us first observe that

an ((E,p), (F +Fp,q)) = (kVXE, VX(F + Fp))oy + (VXE, [Fr,xn])sur
+ (eVp,F+Fp)ao + caif(lfo“)(eVp7 Vaq)a,

where all the terms make sense owing to the extension properties of a, stated in Proposition 4.1. We now test
(2.10) with F+ F}, € (Z° + X},),

N
(VX(KVXE),F)o+ Y (Vx(kVXE),F)o, + (Vp,F + Fy)o = (e, F + Fa)o,

i=1

and we perform the integration by parts over €2 when the test function is F and over each sub-domain when
the test function is Fy,

N
(VXE,VxF)q + > (kVXE, VxFp)q, + (VXE, [Fyxn])sur + (eVp,F + Fi)o = (eg,F + Fi)q.

i=1

Note that the term (kV X E, [Fj, xn])sur is meaningful owing to Lemma A.3 and E being a member of Z*. This
implies that

an (E,p), (F+Fp,q) = (g, F + Fp)a + cah?1=(eVp, Vg)a.

Upon testing again (2.10) with Vg, ¢ € H}(Q2), we infer that (eVp, Vq)q = (g, Vq)q, which in turn implies the
desired result. O
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4.3. Well posedness of the discrete formulation

We discuss in this section the existence and uniqueness of a solution (Ep, py) to (4.14). This issue is addressed
by equipping X, x M, with the following discrete norm:

15, nll2 =1} VXFnlEaag) + 7 3 [P0 x 0]l sory
+ ca (W FEF) B + 120 e} VanlEao) (4.16)

+ A2 [eFpon] (s, ).

by proving a coercivity property, uniform in h, and by establishing some continuity estimates for the bilinear
form ap(.,.). We first establish the coercivity of ay.

Proposition 4.2 (Coercivity). If 6 € {0,1}, there exists vo > 0 and c(yp) > 0, uniform with respect to h, so
that the following holds for all v > vy and for any 0 < a < 1:

an((En,pn), (Bh,pn)) = c(v0) | En, pall7 V(En, pn) € XpxMp, (4.17)
and this inequality holds for all v > 0 with ¢(yo) =1 if 6 = —1.
Proof. We first observe that

an((En,pn), (Ba,pn)) = |Bn,pull + (1+60) ({cVXER}, [Enxn])g -

The conclusion is evident if § = —1. Otherwise we have to control the term ({£VxE} , [Epxn])y . Invoking
a trace and a Young inequality we obtain

1 1 _ 1
{rVxFr}, [Frxn])s r < 1||52V><Fh||izmz) +coh ™M {x} 2 [Faxn]|[f2sory-

Hence, if v > 7y := 4cg, we infer that the following holds:

1
ahp ((Ehaph)v (Ehvph)) Z EHEhvth%L Z 0. (418)
This completes the proof. 1

We now establish the uniform boundedness of the bilinear form ay,.

Proposition 4.3 (Continuity). For any s € (O, %), there is ¢ > 0, uniform in h such that the following holds
for any 0 < a <1 and for every (E,p) € Z*xH{(Q) and (G, dp), (Fr,qn) € Xpx My,:

c ap ((E - Gp,p— dh)a (Fha Qh)) < ||E _ Gh”h + ha71||E _ Gh||L2(Q)
IFn, qnlln

+ B[RV X(E — Go)lls- () + AV X6V %(E — Gp)l|2(7s) (4.19)
+hYlp = dr|lL2) + R~ |p — dnllL2(z)-

where ”'”%2(771) =Y KeT ||'||%2(K) and ””%I(Th) =2 KkeTn HH%I(K)
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Proof. Upon applying the Cauchy-Schwarz inequality we obtain

(kVX(E = Gp), VXFy)q + Yh™H ({R} [(E — Gp)xa, [Frxn])g
+ o (W7 (Ve(B = Gn)), V(eFi)o, +h2 = (¥ (p — dn). Vau)g

+ D ([e(B — Gp)n], [Fpn])y ),
< ||Fn, qul|n||E — Gr,p — dn]|n-

We now bound separately the remaining terms appearing in the definition (4.13) of ax/(.,.):

—(e(E=Gpn),Van)g < emaxh® |VanllLz@h' ™ |E — GhllL2 (o),
(eV(p —dn),Frn)g < h*[|[V-(eFn) L2k “llp — dnllL2(0)
+ D[Ry - 0] L2y A Ip - dllre (s,

where we used an integration by parts for the second estimate. We are now left with the consistency terms
{xVX(E = Gp)}, [Faxn])gop + 0 ({eVXFr} [(E = Gr)xn])gp - (4.20)

For the first term in (4.20), we apply Lemma A.3 with v = [F;, xn], which is a polynomial of degree ¢ — 1, and
¢ = {kVX(E — Gp)}. Then for any F' € F}, we infer that

{5V (E — Gp)}, [Faxn])p < ch™ % |[Fyxn] gz

2
x}j(hﬂanﬂE—CﬁMH%K”+JMVX&VX@L—GhmmUQ

i=1

+ 9% (E = Gl ).
where K, Ko € Tp, such that F = K; N K». Hence, summing over all the faces we arrive at
(§R9% (B = G} [P xnDsor < e~ Bl e (5189 % (B = G s
+ W[V xRV X (E = G) [2(73) + |6V % (B = Gl ).

For the second term in (4.20) we notice that [(E — Gj)xn] = —[Gj xn] owing to the regularity of E. Then by
using Lemma A.3 again, we arrive at

({rVxFa}, [(E - Gp)xn])g < b2 [[Grxn] 2oy |5V XFallL2 (7,
< ch™2[|[(E = Gp)xn]||L2(sur) 15V X F |27,

where we used the inverse inequalities

hHVXHVXthLz(Th) < CHHVXFh||Lz(7—h)7
e[|k V X Fy|

Hs(Th) < C”KVXFh”LQ(Th)'

The desired result is obtained by gathering the above estimates. O

The following result will be instrumental to apply the Nitsche-Aubin duality argument and derive a conver-
gence result in L2().
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Proposition 4.4 (Adjoint continuity). For any s € (O, %), there is ¢ > 0, uniform in h such that for any
0 < a < 1, the following holds for every (E,p), (F,q) € Z*xH(Q), Fr, € Y, qn € My, and (G, dp) € Xpx My, :

ap ((E_Gh7p_dh)7(F_Fhaq_qh)) 1
<|F-F — h*|F—F
‘ |E — Gp,p—dnlln = hod = anlln + [ rllLe (o)

+ WPV X (F — Fp)llm: (7,
+h||VXIQVX(F7Fh)”L2(7—h) (421)

_a 1_4
+ 27 q = anllLz@) + A2 Tlg — anllre(s)-
Proof. The proof proceeds similarly as in the proof of Proposition 4.3. The only difference here is that we have

({VX(E -Gy}, [(F —Fy)xn])g r = 0, owing to the assumption that Fj € Y;, C X, NH{(2). This identity
makes the analysis of the consistency term (4.20) tractable. g

5. CONVERGENCE ANALYSIS FOR THE BOUNDARY VALUE PROBLEM

In the first part of this section, we prove two convergence results for the discrete problem (4.14) using the
discrete norm ||- ||, one assuming minimal regularity and the other assuming full smoothness. In the second part
of the section we use a Nitsche-Aubin duality argument to establish convergence in L?(£2). The performance of
the method is numerically illustrated at the end of the section.

5.1. Convergence in the discrete norm.

We assume first that the solution to the boundary value problem (2.10) has minimal regularity properties,
and we start with the Galerkin orthogonality.

Lemma 5.1 (Galerkin Orthogonality). Assume (2.13), then the Galerkin orthogonality holds, i.e., let (E,p) be
the solution of (2.10) and (Ep,pr) be the solution of (4.14), then for any (Fp,qn) € Xpx Mp,

an ((E —En,p —pn), (Fn,qn)) = 0. (5.1)
Proof. This is a direct consequence of Lemma 4.1 and formulation (4.14). O

Theorem 5.1. Let g € L2(Q) and 7 € (0, min(7., 7)) where 7. and 7. are defined in Theorem 2.1. Let (E,p)
and (En, pr) be the solution of (2.10) and (4.14), respectively. Then, for any a € (Z(Zl__T) , 1] , there exists ¢ > 0,

-
uniform in h, such that

|E = En,p—palln < ch”[gllL2(o), (5:2)
wherer =a—1+7(1-9%) if V(eg) =0 and r =min (1 —a,a — 1+ 7 (1 — %)) otherwise.
Proof. We first recall that, owing to Theorem 2.1, we have E € H™ () NH,

0,curl

(Q), together with the estimates
IElla- o) + IVXE|a- (o) + IVX(kVXE)|[L20) + [VpllL2(e) < cllgllL2@)-
We establish (5.2) by using the triangular inequality

|E = Ep,p —pulln < [[E = K5E,0[[n + |KsE — CLKSE, p — Ciplln
+ |IChKCSE — Ep, Cop — phln,

for some § > 0 to be defined later, and by bounding from above the three terms separately.
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Using the definition of || - || together with the approximation properties of Ks, cf. (3.16)-(3.17)-(3.18), we
conclude that

|E - KsE,0f, < c (6THVXE”HT(Q) +h*6TH|E||ur o) + h"“%HK(;EHLz(E)) :

Note that the estimate (3.17) is critical to obtain a bound that depends only on ||V xE|g-(q) instead of

|E[|g114++ (). To estimate the last term in the above inequality, we apply (A.5) with © = = 2:)
ho 3K Elnage) < ch® 2 [[KCsEll (o) KB 81 o)
< ch*" 200V Bllu- (o) < ¢h* 2673 Bl
Finally, we arrive at
IE — KsE, 0], < ¢ ((ST +ReSTL 4 ha—%af—%) lgllLe (o). (5.3)

Let us now turn our attention to [|[ICsE — C)KCsE, p— Cyp|n. Owing to the definition of Cj and the regularity
of KsE, we have CIKsE € H(2) C Ho cun(€2), so that we only have four terms to bound (the jumps of CJKC5E
across the mesh interfaces and the tangent trace on I' are zero, cf. Remark 4.1). Using the properties of K5 and
C; together with (A.4) we deduce that

529 (K5 B — CIKCSB)[a(ey < eh’ Ko axeiey < eh' 67 Bl oy,
|V (K5 = CIKCSE)) 10y < ™ KB llmeca) < ch™ 157 [Ellrr o,
W' =e2 Y (p — CEp) L2y < ch = |plli (o).
72| [e(KCSE — CRKSE) ] ||z < ch® 2 [KGE — CIE a5
< ch KSR — GB35 1KC6E — CRCSEIIE. (o)
< ch® R0 35) B35 | G e g
< ch* T Bl o)

When combining the above estimates, we obtain
IKsE — CoICsE,p — Chplln < ¢ (A7167" + 6n' %) |IgllLe (o). (5.4)

where £ =0 if V:(eg) = 0 and £ = 1 otherwise (note that p = 0 when V:(eg) = 0).

The last term, ||C)CsE — Eyp,, Chp — pi|n, is a little more subtle to handle. We start from the coercivity of
ap, (4.18), and use both the Galerkin orthogonality (5.1) and the continuity of ay,, (4.19), with s =1 — « to get
the following estimate:

IC/KCsE — Ep, Cop — prlln
ah((c KsE — En, Cpp — pn), (CAKSE — Ep, Cip — pi))
B IC/CSE — Ep, Cip — palln
< o @ (CKsE — E.Cpp — p), (CLKSE — En, Cip — pi))
B IC/ICsE — En, Cyp — palln
<c(|CIKCsE —E,Cop —plln + h* Y| E — CIKsE||r2(0)
+h1 eV (E — CICE) [ai-«@) + 2~ = CrpllLe o)

+ hHVX/@VX(E — CZICéE)HLz(Th) + h2 a”p — CthLz(Z)).
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We now handle each term in the right hand side separately. Using the triangle inequality ||C) KCsE—E, Clp—p||n <
ICIKSE — KsE,Crp — pl|n + ||KsE — E, 0|, and the estimates (5.3)-(5.4), we obtain

ICEKCSE — B, Chp — plln < ¢ (67 4+ h6™! + hoH67 8 4 17167 1 €h17) |lglna(a-

Similarly, we obtain

B = CIKCs B L) < e (h27167 + 2167 [lglLe (o),
W2 |BV X (B = KB lm-a@) < e (b 7077+ 271077 Jlgleao)-

Note that the previous computation is valid since 1 — o < 7 owing to the assumption «a € (e(el::) , 1). For the

last term involving E we use the commuting property 0V xKsE = sV xE, see (3.19), to derive
h[VX(EVX(E = CIKSsE)) lL2(1,) < hIVX(KVXE)||L2(75,) + ||V X (VX K5E)||L2(73,)
+ h||[Vx (VX (KsE — CJKsE))|IL2 (72
< ¢ (hliglle) + AV KsElm @) + ™ IKE (o)
< ¢ (Plgle@) + RV xElm ) + 16| Elln-()
<c(h+hs™ P+ 1Y) gl (o)

For the remaining terms involving p, we use (A.4) together with the approximation properties of C}:

h=p = Crpllia) < ch'lpllmy o) < €h' gl ),

1, 1, 1—5L =
h2=%|lp = Cpllasy < b2~ %|lp — Crpllp &) Ip — Chpll & (o
1_h;1-L —a) =L —a
< chz h' 2w B35 | pllya ) < c6h' | gllLe(q)-

Gathering all the above estimates together with (5.3) and (5.4), we finally obtain

||E_Eh7p_ph||h Sc(67+§hl—a+h+h67——l +h€—167——€+ho¢—157

o (5.5)
FRIETTOT L g L p 5673 ) g Ly

We want to use § = h? for some 3 € (0,1), i.e., Sh~' — 400 as h — 0. Once the negligible terms are removed
in (5.5), we derive the following estimate:

|E—En,p—palln < c(h* 167 + &R + 17171 |IgllLe(a)-
Using 6 = h'~ 7 implies that h®~ 167 = h*~1§"~* and we arrive at
1B = Bip = pulln < c(h* ™08 4 ') g,

which leads to (5.2) with r :=min (1 —a,a =1+ 7 (1 — %)) if V:(eg) # 0 and r = a — 147 (1 — %) otherwise.
Note that the assumed lower bound on « ensures that we have a convergence result as h — 0. O

Remark 5.1 (o = 1). Note that the best choice for &« when V:(eg) = 0 is @ = 1; the convergence rate is then
T (1 — %) and it approaches the optimal rate 7 as ¢ increases. When V-(eg) # 0, the best choice for « is such

that 1 —a =a—1+7 (1 — %). This choice gives the following convergence rate Z(1 — ) <r = 7'24[—17 <3
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We now derive a convergence estimate assuming that the solution of (2.10) is smooth. In the next theorem
we allow the parameter « to be any number in the interval [0, 1].

Theorem 5.2. Let g € L2(Q) and let (E,p) and (Ep,pp) be the solution of (2.10) and (4.14), respectively.
Assume moreover that E € H*1(Qx) and p € H*+*(Qyx) for some 0 < k < £ — 1. Then there exists ¢ > 0,
uniform in h, such that

B —En,p = palln < ch® (IgllLz@) + 1Elme+s) + Ipllrere@y)) - (5.6)
Proof. The proof is similar to that of Theorem 5.1. We start from the triangular inequality
|IE —En,p = palln < |E = CLE,p = CEplln + |CLE — En, Cip — prllns

We bound the two terms in the right hand side separately. For the first one, we use the local approximation
properties of the operators sz and Cj to derive

|E—CLE,p—Clplln < c (h IEllms+1(05) + 2Bl mrr gy + b~ 3||E — CLE||L2(sur)

R OREH O g o) + B~ CLELa(s,) ).

Using (A.4) for any o € (%, 1), we have

1_7

1
|E — ChE||L2 sur) < c|E— ChE”L?(QE |E— ChE”HU(QE < chtt> ||E||Hk+1(s22)'
As a result, we obtain
IE = CLE,p — Ciplln < ch” (|[E[mr+i(ay) + [IPlarraay)) - (5.7)

Now we turn our attention to ||CLE — Ej,,Clp — pp||n. We use the coercivity of aj,, the Galerkin orthogonality
and the continuity of a, (for any o € (0, 3)) to get

ICLE —Ep, Chp — pilln < ¢ (|E—=CLE,p—Cplln + b7 |E — CLE||L2 (o)
+h7||kV % (E — CLE) |- (73,
+ h[|V &V X (E = CLE)||L2(7,)
+h7p = CPpllLai) +h2 % p — ChpllLa(s))-

Using the approximation properties of CfL together with (5.7), we infer

|E—CLE,p—Clplln < ch® (IEllgs+1(ag) + 1PlE+o@y)) »
h*HE - ChE||L2(Q) < Cthra”E”Hk“(Qg)a
R ||V < (E — CﬁLE)”H”(Th) < Chk”E”Hk“(Qg)a
hW=|lp = Cpllrace) < ch¥|pllmr+a(an)-

For the last term involving p, we use (A.4) for some o € (%, 1):

h3=lp — Cplleace) < ch®~[lp — CEplly2, QE>Hp ChPIIHU(QZ

< chimapktess pllf+a () = ch*|pllsra -
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For the last term involving E, we distinguish two cases depending whether £ <1 or k > 1. If £ < 1, we use an
inverse inequality together with the approximation properties of Cﬁl to deduce that

h”VXHVX(E - ChE)HLz(Th) < hHVXKJVXEHLz(Q) + ChllchE”Hz(Th)
< gz o) + h*Ellm )

If £ > 1, we use the local approximation properties of C}L to get
BV XKV X (E = C4B)1s(7;) < chl|B = CuBllary) < ch[Bllsein e,
In both cases, we have:
V&V X(E = ChE)|rz(7) < h® ([[Ellmr x) + gllz@) -
Gathering all the above estimates and using (5.7) gives the desired result (5.6). O

Remark 5.2. Note that the error estimate (5.6) is optimal since it implies that [|[VX(E — Ej)|lL2(ay) < ch”,
which is the best that can be expected from piece-wise polynomial approximation of degree k. Note also that
there is no lower bound on « to get convergence when the solution of (2.10) is smooth, i.e., any « in the range
[0,1] is acceptable.

5.2. Convergence in the L?-norm.

Before proving that the discrete solution converges to the exact solution in the L2-norm, we prove a global
version of Lemma A.3 that will be useful in the proof of Theorem 5.3.

Lemma 5.2. Let s € (O, %) Then there exists ¢ > 0, uniform in h, such that the following holds, for any
P € Heyn(2) NH(Q) and any Fp, € Xy,:

(¥, [Frxn])s |
< Ch7%||[[Fh><n]]HL2(zur) (hSH’vaHs(Q) + hHV><1/’||L2(Q)) . (5.8)

Proof. Let us consider ¥ € Heyy1(Q) NH?*(Q) and Fj, € X;,. Notice that the left hand side is well defined owing
to Lemma A.3. We start from

’(’lb, [[thn])gup‘ < [(¥ — Kstp, [Frxn])gop| + [(Kstp, [Frxn]) g rl,

=1 =1

for some § to be defined later. We handle the two terms I, I5 separately. For the first one, we apply Lemma A.3
with v = [Fpxn], ¢ = ¢ — Ks1p and 0 = s, and we sum over all the faces F' € X UT. This leads to

I < ch™ 5| [Fxn] ||z sor (B[4 — Kstllme )
+ WV X (% = Ks)l|lL2 ) + 19 — KstbllL2(0x))
< ch™ % ||[Frxn]Lamor) (1% = Kol @s)
+ |V ||L2as) + MIVXKs®|lL205) + 19 — Kst|lL2(0s))-
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Using the approximation properties of K5 (3.16) and (3.18), we arrive at

I < ch™ % |[[Fpxn]||ezsor) (b° 9]l o)
+ Bl VX 2aw) + 89 llme 0x) + RIKs¥llm1 o))
<ch™? IF s xn]|lL2sor) ((h° + 6% + h6* 19 ][meo5) + BIVXYP|L20y))-

We handle I5 by using the Cauchy-Schwarz inequality on every 9€);, ¢ =1,--- | N.

N
I < ch™ 3 |[[Fyxn]||Lasory D 02 IKsl|Leo0,)-

i=1

We use (A.5) on every €; with © := 21(;_2§) to obtain

N
L < b2 ||[Fyxn]l|eemory D A2 [Kst i,
=1

_1 1 —
< ch” 2||[Frxn]||rzmony 2 1 Kst |l o) 15 50 ()

Kstll5 0,

where the constant ¢ depends on N, which we recall is a fixed number. Using again the approximation properties
of ICs we infer that

I < ch™ 2 [|[Fhxn] || Lz soryh? 8¢9 9l me o)

< eh” 3 [|[Frxn]flLeonh 6 2 ] ).
Then (5.8) is obtained by gathering the above estimates and setting 6 = h. O

Remark 5.3 (Alternative Decomposition). Estimate (5.8) can alternatively be derived using the decomposition
=1 — Cﬁl't/: + Ca’l/) instead of ¥ = ¢ — Ksp + Ks1p.

Theorem 5.3. Let g € L%(Q) and let (E,p) be the solution of (2.10). Let T < min(7.,7,;) where 7. and 7, are
defined in Theorem 2.1. Let (Ep,py) be solution of (4.14). For any « € (4(51_7:) , 1), there exists ¢ > 0, uniform
in h, such that

|E - EnllL2) < ch™ ¥ 2|gllL2(q), (5.9)

with r| == min(l -, — 1—|—7'(1 — %)) and ro =11 if V-(eg) #0 and ro = a — 1—|—7'(1 — %) if V-(eg) = 0.
If in addition E € H*1(Qx) and p € H***(Qy) for some 0 < k < £ — 1, then the following holds:

IE — Eplle) < ch* (Igllezo) + |Elme+1(as) + [Plretay)) - (5.10)

Proof. We are going to use a duality argument & la Nitsche-Aubin. In the following we denote a}, the extension

to [(Z7(Q) + X3) XH(I)(Q)]z of the bilinear form defined on [Xj, x My]? in (4.13) with = 1. Then the following
symmetry property holds:

a111 ((Fa Q)v (Gv T)) - ailz ((Ga 774)7 (F7 7‘])) :

for all ((F,q), (G,r)) € [(Z™(Q) + X;,) xH§ (Q)] ?. Let (W, q) € Hp cunt (2) xH§(2) be the solution of the following
(adjoint) problem:
Vx(kVxw) —eVg=c(E—-E;), V-(ew) = 0.



22 TITLE WILL BE SET BY THE PUBLISHER
Recall that Theorem 2.1 implies that w € Z7(2) N H"(2) and that
||W||HT(Q) + ||KZVXWHH7—(Q) + ||VXKVXW||L2(Q) < CHE — Eh||L2(Q)~ (5.11)

The definition of the pair (w,q) implies that (eVq,Vp)q = —(e(E — Ep, Vo) for all ¢ € HY(Q), and the
following identities hold:
le% (B = Ep) 1720y = @k (W, =), (B — En,pp = p)) + cah® ™) (eVg, V(pn — 1)),
= aj, (B~ Ep,p — ph) (W, ) + cah® = (e(E = En), V(p — pn))g
= an (B = Ep,p = pn), (W, q)) + cah® ™% (e(B = En), V(p — pa))g
+ (1 =0) ({xVxwh, [-Exxn])gr

We now use the Galerkin orthogonality and we introduce the global approximation CjKsw, with § = h'=7,
and the pressure approximation Cq

g2 (B — En)|32(0) = an (E = En,p— pn), (W — CiKsw,q — Chq))
T cah?07) ((B — B4, Vi(p — pn))g — (1 — 0) (0 xw, [Byxn])pop. (5.12)
Note that we replaced {kVxw}} by kVxw since the tangent component of KV xw is continuous across the
interfaces owing to Vx(kVxw) € L2().
We now handle the three terms in the right hand side separately. For the first one, we use Proposition 4.4
with s =1 — o, F =w and Fj, = C]Ksw (note that Fj, € Y), C X;, N Ho cur1(€2)); we then infer that
lan ((E — Ep,p—pr), (w — CiKsw,q — Chq))| <
c||E—=Ep,p—pulln(|w—Ciksw,q— Chqlln
+h Y lw = CIKswllLzo) + B llq = Challe() + b2 ~llq — Challia(s)
+ h||[VXKrV X (W — CZIC(;W)||L2(T,L) +ht= NNV x(w — Ci’c&w)”Hlfa(Q))

The right hand side has already been estimated in the proof of Theorem 5.1. We then have

|an ((E = En,p — pn),(w — CiKsw,Crq — q))|

. (5.13)
< c||E —Ep,p = pul[nh™ [|E — Ep[|lL2(q)-

The second term in (5.12) is estimated by using the Cauchy-Schwarz inequality, the definition of the norm || - ||
and the inequality r; <1 — «,
(1207 (B~ En), V(o = pi)g| < B 90 = pi)lle(@)h'~*[|E = Enlluz
SCHE_Eh;p_ph”hhnHE_EhHLQ(Q)~ (514)

The last term in (5.12) is estimated by using Lemma 5.2 with ¢ := kVxw and s := 7:

|(1—0)(kVxw, [[Ehxn]])zur|
< c|E = Enlln (W7 II6Vxwlmr ) + bV X (kVxW)]|L2 ()
< c||E = Epl[n " |E — Ep|[L2(0), (5.15)
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where we have used (5.11) and r; < § < 7. Upon inserting (5.13)-(5.14)-(5.15) in (5.12) we obtain
&% (B~ B)lEe(o) < b B~ Bl [B ~ Enp — paln-
Owing to the uniform positivity of e, this leads to:
|E —EpllL2) < ch™||E —En,p — pulln-

Now we consider two cases. Assuming only minimal regularity, Theorem 5.1 gives a bound on |E —Ey,, p—px||n
that leads to (5.9). If E and p are piecewise smooth, then we can apply Theorem 5.2 and we obtain (5.10). O

Remark 5.4. Let 7 € (0, 3) and denote (E, p) the solution of (2.10). Assume that E € H™(2) and E ¢ H™ (Q)

{(2—T)

20—T1

convergence rate 1y +ry = Tf_%; this convergence rate approaches the optimal rate, 7, when the approximation
2

for all 7+ > 7. Then, irrespective of the value of V-(eg), the best choice for a is o = which gives the

degree / is large. Note also that « is close to 1 when / is large.

Remark 5.5. Note that the degree of the polynomials used for Mj, is not involved in the convergence rate when
minimal regularity is assumed. This means that we can use different degrees of polynomials for X; and My,
and that it is sufficient to take polynomials of degree 1 for M) to get convergence.

5.3. Numerical illustrations

In this section we illustrate numerically the performance of the method on a boundary value problem on the
L-shaped domain
Q= (-1,1)%\ ([0, +1]x[-1,0]).
We assume that 2 is composed of three subdomains:

Q= (0,1)2, Qs = (—1,0)x(0,1), Q3 = (—1,0)2.

Weuse k =11in ), gjg, = 1 and €)q, = €|o, =: €. Denoting A > 0 a real number such that tan (%’T) tan (%’T) =

&, we define the scalar potential Sy (r,0) = r*¢,(6), where (r,0) are the polar coordinates, and ¢, is defined
by

sin(\0) ifo<6< 73,
sin( 37
NOERE E %COS(A(efgw)) T <0<,
COSs Zﬂ'
sin()\(%w—ﬁ)) ifngeg%’f.
Then we solve the problem
VXVXE =0, V'(EE):O, EXI’I‘BQZVS)\XH. (516)

The exact solution is E = V.S,€ H*(Q). We present two series of simulations in Table 1. We use A = 0.535 in
Table 1(a) and A = 0.24 in Table 1(b), which gives &, ~ 0.5 and &, ~ 7.55 1072, respectively. The relative error
in the L2-norm is reported in the column “rel. err.” and the convergence rate is reported in the column “coc”.
Several values of « are used to evaluate the effect of A and a on the convergence rates. We observe that the
convergence rate is quasi-optimal when « is close to 1, which is consistent with Remark 5.1, since (5.16) can be
re-written in the form (2.10) with V:(eg) = 0.

It has been pointed out in the literature (see e.g. Costabel and Dauge [16, §8.3.1], Duan et al. [19], Badia and
Codina [4]) that it is possible to build special meshes allowing the existence of C! interpolation operators, i.e.,
it is possible to represent gradients on these meshes with optimal approximation properties. We now investigate
theses possibilities with P; and P, finite elements. We solve again the above boundary value problem with
A = 0.535 and a = 0.9. For the P; approximation, we construct Powell-Sabin type meshes (see Powell and
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TABLE 1. L2-errors and convergence rates with ¢ = 2. The convergence rates are almost
optimal for & = 0.9 in both cases.

(a) L2-errors and convergence rates for A = 0.535

h a=04 a = 0.6 a=0.9 a=1.0
rel. err. coc rel. err. | coc rel. err. | coc rel. err. | coc
0.2 2.332E-1 - 1.444E-1 1.249E-1 1.297E-1

0.1 2.473E-1 | -0.08 || 1.168E-1 | 0.31 || 8.846E-2 | 0.50 || 9.167E-2 | 0.50
0.05 || 2.631E-1 | -0.09 || 9.452E-2 | 0.31 || 6.186E-2 | 0.52 || 6.392E-2 | 0.52
0.025 || 2.797E-1 | -0.09 || 7.700E-2 | 0.30 || 4.289E-2 | 0.53 || 4.427E-2 | 0.53

0.0125 || 2.968E-1 | -0.09 || 6.312E-2 | 0.29 || 2.962E-2 | 0.53 || 3.059E-2 | 0.53

(b) L2-errors and convergence rates for A = 0.24

L a=04 a=0.6 a=20.9 a=1.0
rel. err. coc rel. err. coc rel. err. | coc rel. err. | coc
0.2 5.773E-1 - 4.739E-1 4.426E-1 4.495E-1

0.1 6.209E-1 | -0.11 || 4.507E-1 | 0.07 || 3.801E-1 | 0.22 || 3.838E-1 | 0.23
0.05 | 6.711E-1 | -0.11 || 4.413E-1 | 0.03 || 3.259E-1 | 0.22 || 3.272E-1 | 0.23
0.025 || 7.180E-1 | -0.10 || 4.452E-1 | -0.01 || 2.788E-1 | 0.23 || 2.788E-1 | 0.23

0.0125 || 7.564E-1 | -0.08 || 4.602E-1 | -0.05 || 2.380E-1 | 0.23 || 2.376E-1 | 0.23

Sabin [31]) and compare the results obtained on these meshes with those obtained on generic Delaunay meshes
(see Table 2(a)). We indeed observe an improvement since now the convergence rate is optimal, i.e., close to
0.535. For the Py approximation we construct Hsieh-Clough-Tocher meshes, see Clough and Tocher [14, item
4, p. 520]. Tt is possible to construct on these meshes P3 finite element spaces containing C! functions with
optimal approximation properties. Then, the standard vector-valued Ps finite element spaces constructed on
these meshes contains enough gradients. We compare the results obtained on Hsieh-Clough-Tocher meshes with
those obtained on generic Delaunay meshes (see Table 2(b)). We do not observe any significant improvement,
since the optimal order was already numerically achieved on the generic Delaunay meshes.

6. EIGENVALUE PROBLEM

We extend in this section the theory introduced above to eigenvalue problems. We want to establish an
approximation result for the solutions to the following problem: Find (E, A) € [Hg cun(2) NHy,, (€2, ¢)] xR such
that

VxkVXE = A¢E. (6.1)

We restrict ourselves in the rest of this section to the symmetric variant of the bilinear form ay, defined in (4.13),
i.e., we set # = 1. We finally assume from now on that « is chosen as in Theorem 5.1, i.e.,

ae (%1_?1) , (6.2)

where 7 is the minimal regularity index of the problem (2.10) as defined in Theorem 2.1. In the following we

setr::min(lfoz,a—lJrT(lf%)).

6.1. Framework

Let us equip L?(2) with the inner product (f,g). := Jo ef-g. This inner product is equivalent to the usual
L2-inner product owing to (2.13). The associated norm is denoted || - ||..
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TABLE 2. L2-errors and convergence rates for A = 0.535, a = 0.9 on different kinds of meshes

(a) L2-errors and convergence rates for £ = 1

Delaunay mesh || Powell-Sabin mesh
rel.err coc rel. err coc
0.2 2.166E-1 - 1.742E-1 -
0.1 1.652E-1 | 0.39 || 1.246E-1 0.48
0.05 || 1.268E-1 | 0.38 || 8.711E-2 0.52

0.025 || 9.821E-2 | 0.37 || 6.052E-2 0.53

0.0125 || 7.758E-2 | 0.34 || 4.200E-2 0.53

h

(b) L2-errors and convergence rates for £ = 2

A Delaunay mesh || Hsieh-Clough-Tocher mesh
rel.err coc rel. err coc
0.2 1.297E-1 - 1.359E-1 -
0.1 9.167E-2 | 0.50 || 9.446E-2 0.53
0.05 || 6.392E-2 | 0.52 || 6.535E-2 0.53
0.025 || 4.427E-2 | 0.53 || 4.515E-2 0.53
0.0125 || 3.059E-2 | 0.53 || 3.117E-2 0.53

For any g € L?(2), we denote (E,p) the solution of (2.10) and we set Ag := E. This defines an operator
A L%(Q) — L2?(Q) that is self-adjoint and compact (cf. Theorem 2.1). We now define two families of discrete
operators &, : L2(Q) — X, and P}, : L?(Q) — M, so that for any g € L?(Q), the pair (£,g, Prg) solves
(4.14). Then we finally define
Ay LQ(Q) — X + VM, C LQ(Q)

g — Eng — coh? "IV P,g.

We want to study the spectrally correctness of the family {4} in the following sense:

(6.3)

Theorem 6.1 (Spectral correctness Babuska and Osborn [3], Osborn [30]). Let X be an Hilbert space and
A: X — X be a self-adjoint compact operator. Let © = {h,; n € N} be a discrete subset of R such that h,, — 0
as n — +00. Assume that there exists a family of operators Ap : X — X, h € O, such that:

o A is a linear self-adjoint operator, for all h € ©.
e Aj converges pointwise to A.
e The family is collectively compact.

Let p be an eigenvalue of A of multiplicity m and let {¢;}, j=1,---,m be a set of associated orthonormal
etgenvectors.

(i) For any e > 0 such that the disk B(u,€) contains no other eigenvalues of A, there exists he such that, for
all h < he, Ap, has exactly m eigenvalues (repeated according to their multiplicity) in the disk B(u,€).

(11) In addition, for h < h., if we denote py, j, 5 =1,---,m the set of the eigenvalues of Ay, in B(u,¢€), there
exists ¢ > 0 such that

el = gl <Y T(A=An)s, é1) x|+ > (A= An)gs|%- (6.4)
Jil=1 j=1

6.2. Approximation result

We start by proving that the operators {Ap} are self-adjoint, then we prove the pointwise convergence, and
we finally establish the collective compactness.
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Lemma 6.1. For any h, Ay, : L2(Q) — L2(Q) is a self-adjoint operator, i.e., for any e, f € L2(Q), the following
holds
(Ahe7 f)g = (e’ Ahf)g : (65)

Proof. Let e, f € L(Q). By definition we have
an, ((Ene, Pre), (Enf, —Puf)) = (e,Erf), — cah® ™) (e, VPuE), = (e, Axf). .
Using the symmetry properties of aj, we infer
an ((Ene, Pre), (Enf, —=Prf)) = an ((Enf, Prf), (Ene, —Phre)
= (£,&ne). — cah® 1Y (£, VPpe),. = (f, Ane)_,
thereby proving that the operator Ay, is self-adjoint on the Hilbert space L2(£2) equipped with the inner product
(., ')s' |
Lemma 6.2. Under the above assumptions, there exists ¢ > 0, uniform with respect to h such that,
Ve € L*(Q), |Ane — Ael|. < ch®"|e]-. (6.6)

Proof. Let Ae € L2(2) and p € H{(Q) such that Vx(kVxAe) + eVp = ce. Using the triangular inequality,
Theorems 5.1 and 5.3, the equivalence between the norms on L?(Q) and the fact that r < 1 — «, we infer that
|Ae — Ane|l. < ||Ae — Enellc + cah? =Y ||VPre — V)| + h21=9||Vp||.
< c(h™ ||l + ' || Ae — Ene,p — Prelln + B2V le]c) < ch¥e].,

which concludes the proof. O

Note that the above result is stronger than the pointwise convergence hypothesis, i.e., A, converges in
norm to A. Now let us turn our attention to the question of collective compactness. Recall that a set A :=
{4, € L(X;X), h € ©} is said to be collectively compact if, for each bounded set U C X, the image set
AU := {Apg, g € U, Aj, € A} is relatively compact in X.

Lemma 6.3. The family {Ap}n>o is collectively compact under the above assumptions provided o € (Z(eljf) , 1>,

Proof. Owing to the compact embedding H*(2) C L2(Q2) for any s > 0, it is sufficient to prove that there exists
s> 0 and ¢ > 0 such that, for any g € L2(2) and any h > 0,
[ Anglla: (o) < cllgllLz@)-

Let us take g € L?(Q2). Owing to the definition of X, and M, we know that A,g € H*(Q) for any s € (0, 1).
Moreover, there exists ¢, only depending on s and the shape regularity of the mesh family, such that the following
inverse inequality holds:

| Angllas (o) < ch™°||AngllL2(q)-
Let us consider s < r and notice that 2s < 7. Using the triangular inequality, interpolation results, the above
inverse inequality together with Theorems 5.3 and 2.1 leads to:

[Anglla: () < [[Ang — Agllus o) + [|48la: ()
1 1
< c|lAng — AglIf2 () l1Arg — A8l f2e () + ¢ lI8llL2@)

1 _ 1 1
< el llgllgao (A 148 lIEa o) + 1 48llene o) ) + cllglezco)
<e (h°+1) llgllLz @)
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This implies the collective compactness of {Ay,} since r > s. 0

We conclude that the approximation is spectrally correct in the sense of Theorem 6.1 by combining Lem-
mas 6.1, 6.2, 6.3.

6.3. Numerical illustration for o < 1

In this section, we present some eigenvalues computations. We consider the square Q2 = (—1,1)? in the plane.
We divide € into four subdomains

0 = (0,1)% Qy = (—1,0)x(0,1), Q3 = (—1,0)2, Q4 = (0,1)x(=1,0).

We use v = 1in (Q, g)g, = €, = 1 and ¢|q, = €|, = &,. Benchmark results for this checkerboard problem
are available in Dauge [17] for ¢! € {2,10,100,10%}. Tables 3 and 4 show results for £, = 0.5 and &, = 0.1
respectively. The ratio |>\C;7>\\ is reported in column “rel. err.”, where A\. and A, are the computed and
reference eigenvalues, respecgively. The reference values are those from the benchmark. The computed order
of convergence is shown in the column “coc”. The computations have been done using ARPACK (cf. Lehoucq
et al. [26]) with tolerance 10~®. Note that the computed order of convergence seems to reach a constant value
for sufficiently small h, for every eigenvalue, as expected.
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TABLE 3. Approximation of the first four eigenvalues for €, = 0.5. We used a = 0.7 in the simulations.

h A >~ 3.3175 A =~ 3.3663 Ar >~ 6.1863 A ~ 13.926
rel. err. | coc rel. err. | coc rel. err. | coc rel. err. | coc
0.2 9.364E-4 3.943E-3 1.439E-1 6.104E-1

0.1 1.833E-4 | 2.35 || 2.147E-3 | 0.88 || 1.734E-4 | 9.70 || 4.484E-1 | 0.44
0.05 || 3.751E-5 | 2.29 || 1.188E-3 | 0.85 || 2.241E-5 | 2.95 || 1.599E-1 | 1.49
0.025 || 8.405E-6 | 2.16 || 6.463E-4 | 0.88 || 2.833E-6 | 2.98 || 1.120E-5 | 13.8
0.0125 || 2.081E-6 | 2.01 || 3.439E-4 | 0.91 || 3.667E-7 | 2.95 || 1.478E-6 | 2.92

TABLE 4. Approximation of the first four eigenvalues for €, = 0.1. We used o = 0.8 in the simulations.

L A ~ 4.5339 A 2~ 6.2503 A 2 7.0371 A~ 22.342
rel. err. | coc || rel. err. | coc || rel. err. | coc || rel. err. | coc
0.2 4.559E-1 - 6.052E-1 - 6.410E-1 - 8.869E-1 -
0.1 2.859E-1 | 0.67 || 4.731E-1 | 0.36 || 5.310E-1 | 0.27 || 8.512E-1 | 0.06
0.05 3.306E-2 | 3.11 || 2.982E-1 | 0.67 || 3.763E-1 | 0.50 || 8.033E-1 | 0.08
0.025 || 2.154E-6 | 13.9 || 7.748E-2 | 1.94 || 1.772E-1 | 1.09 || 7.406E-1 | 0.12
0.0125 || 2.608E-7 | 3.05 || 3.258E-3 | 4.57 || 5.946E-7 | 18.2 || 6.602E-1 | 0.17

6.4. The case a =1

We have shown that the numerical method is optimally convergent with @ = 1 for the boundary value
problem (2.10) if V:(eg) = 0. It is then reasonable to investigate the convergence properties of the method for
the eigenvalue problem with o = 1 even though the theoretical analysis seems to show that there might be a loss
of compactness in this case; i.e., we cannot apply Theorem 6.1. We investigate this issue by solving again the
checkerboard problem introduced in the previous section and by comparing the results obtained with @ = 0.7
and « = 1. We compute the first 10 eigenvalues for ¢, = 0.5 and report the results in Table 5 for P; finite
elements and Table 6 for Py finite elements. The typical meshsize in these simulations is 0.025. Inspection of
these tables show that the approximation with o = 1 is not spectrally correct. Other results on meshes with
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different meshsizes or structure (Delaunay, Powell-Sabin or HCT), not reported here, show the same type of
behavior, i.e., there are spurious eigenvalues when a = 1. This series of numerical tests confirms the sharpness
on the upper bound on « stated in Lemma 6.3.

TABLE 5. Approximation of the first ten eigenvalues with Py elements and ¢, = 0.5. Compar-
ison between o = 0.7 and a = 1.0.

A\ a=0.7 a=10

app. value | rel. error || app. value | rel. error
3.31755 3.31844 2.70E-4 3.31790 1.06E-4
3.36632 3.37816 3.51E-3 3.36786 4.56E-4
6.18639 6.18732 1.50E-4 3.91497 3.67E-1
13.9263 13.9321 4.14E-4 3.91616 7.18E-1
15.0830 15.0888 3.88E-4 4.14335 7.25E-1
15.7789 15.7859 4.48E-4 4.29445 7.27E-1
18.6433 18.6555 6.53E-4 4.30863 7.68E-1
25.7975 25.8163 7.29E-4 15.0191 4.17E-1
29.8524 29.8684 5.36E-4 35.7192 1.96E-1
30.5379 30.5643 8.66E-4 305.349 9.00E0

TABLE 6. Approximation of the first ten eigenvalues with Py elements and ¢, = 0.5. Compar-
ison between o = 0.7 and a = 1.0.

A\ a=0.7 a=1.0

app. value | rel. error || app. value | rel. error
3.31755 3.31758 8.55E-6 3.31756 2.30E-6
3.36632 3.36857 6.68E-4 3.36634 3.62E-6
6.18639 6.18641 3.14E-6 4.28879 3.07E-1
13.9263 13.9265 1.05E-5 4.29153 6.92E-1
15.0830 15.0832 1.14E-5 4.30113 7.15E-1
15.7789 15.7791 1.36E-5 4.30145 7.27E-1
18.6433 18.6436 1.52E-5 4.30683 7.69E-1
25.7975 25.7979 1.36E-5 12.8213 5.03E-1
29.8524 29.8530 2.04E-5 37.1980 2.46E-1
30.5379 30.5395 5.43E-5 1308.73 | 4.19E+1
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APPENDIX A. TECHNICAL LEMMAS

Let {7n}n>0 be an affine shape-regular mesh family in R3. Let Tk : K — K be the affine mapping that
maps the reference element K to K and let Jx be the Jacobian of Tk . It is a standard result that there are
constants that depend only on K and the shape regularity constants of the mesh family so that

|kl < chre, || T < chigh, |det(Jr)| < chle, |det(Jgh)| < chg?, (A1)

where hg is the diameter of K.
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Lemma A.l. For all s € [0,1], there is a constant ¢, uniform with respect to the mesh family, so that the
following holds for all cells K € Ty, and all b € H*(K) with zero average over K :

s—

Dllge iy < e Sl where D) = (T (x)) (A:2)

Proof. Upon making the change of variable x = Tk (X) we obtain

~ 1 _d
10l i) = | det (i)~ ey < el Il

Likewise, using the fact that ’(ZJ\ is of zero average, the Poincaré inequality implies

1

~ ~ ~ 3 ~ 1A~
[l =) = (||¢Hiz(f<) + vaHiz(f())) < (6 (K) + D)2Vl gy
-1 —d4q
< ol det( )| 2 | xe IVl < el 1l -

Then, the Riesz-Thorin theorem implies that
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s_3
He(R) S ¢hg ” ||¢||H'S(K)»

where we defined H*(E) := [L2(E), Hl(E)]sg with L2(E) and H!(E) being the subspaces of the functions of
zero average in L?(E) and H!(E), respectively. We conclude using Lemma A.2 O

Lemma A.2. The spaces [L2(E),H\(E)]s and [L2(E),H'(E)], N L2(E) are identical and the induced norms

are identical, i.e., ||v|lg. gy = |v||me(m) for all v € [L2(E), HY(E)]s N L2(E).

Proof. One can use Lemma A1 from Guermond [23] with T being the projection onto L2(Q). O

We now state the main result of this section. It is a variant of Lemma 8.2 in Buffa and Perugia [10] with
the extra term [|@||2(x). Our proof slightly differs from that in Buffa and Perugia [10] since the proof therein
did not appear convincing to us (actually, the embedding inequality at line 9, page 2224 in Buffa and Perugia
[10] has a constant that depends on the size of the cell; for instance, using ¢ = 1 in this inequality yields a
contradiction. As result the estimate (8.11) in [10] is not uniform with respect to h).

Lemma A.3. For all k € N and all o € (0, %) there is ¢, uniform with respect to the mesh family, so that the
following holds for all faces F' € Fy, in the mesh, all polynomial function v of degree at most k, and all function
¢ € H°(K) N H(curl, K)

/F (vxn)¢ < e|Vliga(mhi? (bl bl o) + b [V xllwacie) + [l (A.3)

where K is either one of the two elements sharing the face F.

Proof. We restrict ourselves to three space dimensions. In two space dimensions ¢ is scalar-valued and the proof
must be modified accordingly. Let K be either one of the two elements sharing the face F. Let ¢ be the average
of ¢ over K and let us denote 1) := ¢ — ¢. Upon denoting V(x) = JEv(Tk (X)) and P(R) = JEp(Tk (X)), it is
a standard result (see Monk [29, 3.82]) that

[~ [ @i,
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where 1 is one of the two unit normals on F. Let us extend v by zero on dK\F}; then v €: Hz 7 (9K) for all
o > 0. Note that it is not possible to have ¢ = 0. Now let R : H27?(K) — H!~?(K) be a standard lifting
operator. There is a constant depending only on K and ¢ so that

IRVl () + IVXRY g0 () <

(R, N Rlggso ity < R,V 30 5

where Vx is the curl operator in the coordinate system of K. Then, slightly abusing the notation by using
integrals instead of duality products, we have

V><n ' ‘/ RV %le—ﬂf‘ﬁx(Rv))’

A

sc (”( V)HLz(f()HVX";Z’HLz(f{) + ”"»bHHg(f{)”ﬁX(R{’\)”H*U(IA())
¢ (195 s iy + Bl ) ) 1903+ g

< ¢ (195 Bllpac) + 1$le)) 9l o 7

IN

where we used that H"(I? ) = H(K ) for ¢ € [0,1). Due to norm equivalence for discrete functions over K

and using that ||Jx|| < chk, hx/hr < ¢ and |F| < ch? in three space dimensions, where ¢ depends of the
shape-regularity constant of the mesh family and the polynomial degree k, we have

Il < ¥l < el lFI72 [VilLacry < chichg! Vi) < ¢ [VilLace)-

H? 7 (F)

Using the identity (see Monk [29, Cor. 3.58])

(Vxp)(Tk (%)) =

we obtain
IV x| L2y < eldet(Jx) |2 [T IV X llLe ) < chi ||V |La(ie)-

Since the average of ¥ over K is zero, we can use Lemma A.1 (with an extra scaling by ||Jx || for P = JEp(Tk))
to deduce

||¢HHU(,?) < ch 2| lwe ()

In conclusion we have obtained the following estimate:
_ — 1
/F(VXH)-(d) = @) < c(hx [IVxBllz) + hilld — llme (i) hie” [VIlLace).-
Observing that ||1]|ge k) < ||1||i§ETK)H1||I‘7{1(K) = 1l k) = |K |2, we infer that

— 7L
1o — @lln- (k) < ll@lla- (k) + |DIK]>
The Cauchy-Schwarz inequality yields [¢| < |K|~2 l@llL2(k); as a result,

16 = @llre () < lIBllere () + I @llLz) < 2llbllere i)
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Now we evaluate a bound from above on [, (vxn)-¢ as follows:

— — 1 _1 1
/F(VXH)-¢‘ <[@IFIZ[VlLzry < K72 [|@ll20 | FIZ [VILe

1
< dlvllreryhp® |@llLe )
The result follows by combining all the above estimates. O

Lemma A.4. Let o € (3,1). There is exists a constant c() so that

L5, ||%a a
lulleay < el ul iy Iz gy, Va € HY(Q). (A.4)

Similarly, for s € (O, %), there exists a constant c(s) so that, for © := %,

lullizry < els)lull @y lullf @), Yu € HY(Q). (A.5)
Proof. We start with the standard estimate
1 1
lulliay < ellulldaoylul gy, Ve HY(Q),

which allows us to apply Lemma A.5. This implies that the trace operator is a continuous linear mapping from
[L2(2), H' ()1 1 to L*(T). Then the re-iteration lemma implies that

[L2(Q), H* ()] 1y = [L*(), [L(Q), H (Q)]ac2] 1 1 = [L*(Q), H ()]

[H° (), H' (Q)]e.1 = [[L*(Q), H' ()]s2, H (D)]e1 = [L*(2), H ()]

1
351

1
21

The norms being equivalent, we can eventually write:

1—-L 1
lullLzry < cllulliz@)m@y, |, < c@lullz@)pe @), , < d@)llullz@lluli )

3 2o
lulleery < ellullpa @, , < ols)lullpe @ m@ie, < o(s)lulygolulf @)

This concludes the proof. O

Lemma A.5 (Lions-Petree). Let By C Ey be two Banach spaces, with continuous embedding. Let L be a linear
mapping En — F with F another Banach space. For s € (0,1), L extends to a linear mapping from [Eg, E1]s 1
to F if and only if there exists C > 0 such that

Vue By, |lLullr < Cllullg, llulls,
Proof. See Lemma 25.3 in Tartar [33]. O
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